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Answer all questions. Notations are as used in the class.

1. Let L be a sound and complete first-order logic. Show that L is compact. [5]

2. Let N be the set of natural numbers. Let L be a first-order language with equality together
with a predicate symbol <, constant symbols 0, 1, and function symbols + and →, which are
interpreted in N in the usual way. Using compactness theorem, show that there is a model
of Th(N), containing a number c, say, which is larger than any element of N. [6]

3. Let R be the structure (R; +R, ·R), R being the set of real numbers, +R and ·R correspond
to the usual addition and multiplication, respectively. Let L be a first order language with
equality, two binary function symbols + and ·, interpreted as +R and ·R, respectively in
the structure R. A formula ω(x) in L with exactly one free variable x is said to define a
set S of real numbers if (s ↑ S i! ω(x) holds in R with x assigned to s).

(a) Give a formula in L that defines the set {x ↑ R : x ↓ 0} in the structure R.

(b) Give a formula in L that defines the set {0} in the structure R. [5]

4. Check whether the following formulas are valid: [5]

(a) (↔xω ↗ ε) ↘ ↔x(ω ↗ ε), x is not free in ε.

(b) ≃x(ω ⇐ ε) ↘ (ω ⇐ ≃xε), x is not free in ω.

5. Using Natural Deduction or Sequent Calculus, show the following: [3 + 3]

(a) ↔x≃yω ⇐ ≃y↔xω is a theorem in FOL.

(b) (ϑ ⇐ (ϖ ⇐ ϱ)) ⇐ ((ϑ ⇐ ϖ) ⇐ (ϑ ⇐ ϱ)) is a theorem in CPL

6. Consider 3 suspects of committing a crime: A, B and C. At least one of them is guilty but
not all. If A is guilty, then C is too. If B is innocent, then so is C. Can B be guilty? Justify
your answer using classical propositional reasoning. [3]

7. Assume that a first order language has a two place predicate symbol P . Consider a formula
ω in this language, which is the conjunction of the following formulas:

(a) ≃x↔yPxy

(b) ≃x¬Pxx

(c) ≃x≃y≃z((Pxy ⇒ Pyz) ⇐ Pxz)

- Can ω have a finite model? Justify your answer. [4]

- Does your conclusion still hold if you drop any one of the conjuncts from the conjunction?

[6]
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A
1

B
A →B

A C
A → C

(A →B) → (A → C)
1

B → (A →B) → (A → C)

Here, we have used the label 1 to indicate the place where the hypothesis B was canceled. Any label will do, though we
will tend to use numbers for that purpose.
We can continue to cancel the hypothesis A:

2
A

1
B

A →B

2
A C
A → C

(A →B) → (A → C)
1

B → (A →B) → (A → C)
2

A → (B → (A →B) → (A → C))

The result is a proof using only the hypothesis C. We can continue to cancel that hypothesis as well:
2

A
1

B
A →B

2
A

3
C

A → C
(A →B) → (A → C)

1
B → (A →B) → (A → C)

2
A → (B → (A →B) → (A → C))

3
C → (A → (B → (A →B) → (A → C)))

The resulting proof uses no hypothesis at all. In other words, it establishes the conclusion outright.
Notice that in the second step, we canceled two “copies” of the hypothesis A. In natural deduction, we can choose which
hypotheses to cancel; we could have canceled either one, and left the other hypothesis open. In fact, we can also carry
out the implication-introduction rule and cancel zero hypotheses. For example, the following is a short proof of A → B
from the hypothesis B:

B
A → B

In this proof, zero copies of A are canceled.
Also notice that although we are using letters like A, B, and C as propositional variables, in the proofs above we can
replace them by any propositional formula. For example, we can replace A by the formula (D ↓ E) everywhere, and
still have correct proofs. In some presentations of logic, different letters are used for propositional variables and arbitrary
propositional formulas, but we will continue to blur the distinction. You can think of A, B, and C as standing for
propositional variables or formulas, as you prefer. If you think of them as propositional variables, just keep in mind that
in any rule or proof, you can replace every variable by a different formula, and still have a valid rule or proof.
Finally, notice also that in these examples, we have assumed a special rule as the starting point for building proofs. It is
called the assumption rule, and it looks like this:

A

What it means is that at any point we are free to simply assume a formula, A. The single formula A constitutes a one-line
proof, and the way to read this proof is as follows: assuming A, we have proved A.
The remaining rules of inference were given in the last chapter, and we summarize them here.
Implication:

1
A
...
B

1 →I
A → B

A → B A →E
B
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Conjunction:

A B →I
A →B

A →B →El
A

A →B →Er
B

Negation:
1

A
...
⊥

1 ¬I¬A

¬A A ¬E⊥

Disjunction:

A ∨Il
A ↓B

B ∨Ir
A ↓B

A ↓B

1
A
...
C

1
B
...
C

1 ∨E
C

Truth and falsity:

⊥ ⊥E
A

↔I↔

Bi-implication:
1

A
...
B

1
B
...
A

1 ↔I
A ↔ B

A ↔ B A ↔El
B

A ↔ B B ↔Er
A

Reductio ad absurdum (proof by contradiction):
1¬A

...
⊥

1 RAA
A

3.2 Examples

Let us consider some more examples of natural deduction proofs. In each case, you should think about what the formulas
say and which rule of inference is invoked at each step. Also pay close attention to which hypotheses are canceled at each
stage. If you look at any node of the tree, what has been established at that point is that the claim follows from all the
hypotheses above it that haven’t been canceled yet.
The following is a proof of A → C from A → B and B → C:

1
A A → B

B B → C
C

1
A → C

Intuitively, the formula

(A → B) → (B → C) → (A → C)

“internalizes” the conclusion of the previous proof. The → symbol is used to combine hypotheses, and the → symbol is
used to express that the right-hand side is a consequence of the left. Here is a proof of that formula:
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CHAPTER

EIGHT

NATURAL DEDUCTION FOR FIRST ORDER LOGIC

8.1 Rules of Inference

In the last chapter, we discussed the language of first-order logic, and the rules that govern their use. We summarize them
here:
The universal quantifier:

A(x)
→I

→y A(y)

→x A(x)
→E

A(t)

In the introduction rule, x should not be free in any uncanceled hypothesis. In the elimination rule, t can be any term that
does not clash with any of the bound variables in A.
The existential quantifier:

A(t)
∃I

∃xA(x) ∃xA(x)

1
A(y)

...
B

1 ∃E
B

In the introduction rule, t can be any term that does not clash with any of the bound variables in A. In the elimination
rule, y should not be free in B or any uncanceled hypothesis.
Equality:

refl
t = t

s = t symm
t = s

r = s s = t trans
r = t

s = t subst
r(s) = r(t)

s = t P (s)
subst

P (t)

Strictly speaking, only refl and the second substitution rule are necessary. The others can be derived from them.

8.2 The Universal Quantifier

The following example of a proof in natural deduction shows that if, for every x,A(x) holds, and for every x,B(x) holds,
then for every x, they both hold:
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Identity rules:

init
𝐿 → 𝐿

ω → ε,𝐿 𝐿, ω↑ → ε↑
cut

ω, ω↑ → ε,ε↑

Le! structural rules:

ω → ε
w𝐿
𝐿, ω → ε

𝐿,𝐿, ω → ε
c𝐿

𝐿, ω → ε

ω,𝑀 ,𝐿, ω↑ → ε
ex𝐿

ω,𝐿,𝑀 , ω↑ → ε

Right structural rules:

ω → ε
w𝑀

ω → ε,𝐿

ω → ε,𝐿,𝐿
c𝑀

ω → ε,𝐿

ω → ε,𝑀 ,𝐿,ε↑
ex𝑀

ω → ε,𝐿,𝑀 ,ε↑

Le! introduction rules:

↓𝐿 ↓, ω → ε

ω → ε,𝐿
¬𝐿 ¬𝐿, ω → ε

𝐿, ω → ε 𝑀 , ω → ε
↔𝐿

𝐿 ↔𝑀 , ω → ε

𝐿, ω → ε
↗0
𝐿 𝐿 ↗𝑀 , ω → ε

𝑀 , ω → ε
↗1
𝐿 𝐿 ↗𝑀 , ω → ε

Right introduction rules:

↘𝑀
ω → ε,↘

ω,𝐿 → ε
¬𝑀
ω → ε,¬𝐿

ω → ε,𝐿
↔0
𝑀
ω → ε,𝐿 ↔𝑀

ω → ε,𝑀
↔1
𝑀
ω → ε,𝐿 ↔𝑀

ω → ε,𝐿 ω → ε,𝑀
↗𝑀

ω → ε,𝐿 ↗𝑀

Figure 2.1: Inference rules of PK

principle (i.e. it doesn’t hold in some non-classical logics).

init
𝐿 → 𝐿

↔0
𝑀
𝐿 → 𝐿 ↔ ¬𝐿

¬𝑀 → 𝐿 ↔ ¬𝐿,¬𝐿
↔1
𝑀 → 𝐿 ↔ ¬𝐿,𝐿 ↔ ¬𝐿
c𝑀 → 𝐿 ↔ ¬𝐿

Exercise 2.11. (Modus ponens) Give a PK proof for the sequent 𝐿 ≃ 𝑀 ,𝐿 → 𝑀 .

Theorem 2.12 (Soundness). If ⇐PK 𝐿 then |= 𝐿 .

Theorem 2.13 (Completeness). If |= 𝐿 then ⇐PK 𝐿 .

Proof-theorists are generally reluctant to justify the de!nition of their sequent

If you !nd an inaccuracy of any kind, write to us at {a.de@bham.ac.uk, i.vandergiessen@bham.ac.uk}.
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Le! quanti”er introduction rules:

𝐿 [𝑀/𝑁], ω → ε
↑𝐿 ↑𝑁𝐿, ω → ε

𝐿 [𝑂/𝑁], ω → ε
↓𝐿 𝑂 is fresh↓𝑁𝐿, ω → ε

Right quanti”er introduction rules:

ω → ε,𝐿 [𝑂/𝑁]
↑𝑀 𝑂 is fresh

ω → ε,↑𝑁𝐿
ω → ε,𝐿 [𝑀/𝑁]

↓𝑀
ω → ε, ↓𝑁𝐿

Equality rules:

=𝑀 → 𝑀 = 𝑀

ω [𝑃/𝑀] → ε[𝑃/𝑀]
=𝐿

𝑃 = 𝑀, ω → ε

Figure 2.2: !anti”er rules and equality rules of LK. In ↓𝑄 and ↑𝑅 , 𝑂
is called an eigenvariable and the side condition “𝑂 is fresh” means
that 𝑂 is not free in any of the formulas in the conclusion of the rule.
#e =𝑄 rule is known as Leibniz rule.

De”nition 2.36. #e sequent calculus LK consists of the rules for PK presented
in Figure 2.1 and the rules presented in Figure 2.2. All notions of proof, endsequent,
conclusion, and premisse are de”ned analoguous to De”nition 2.9. We write
↔LK ω → ε and ↔LK 𝐿 if there is an LK proof for ω → ε and if ↔LK ⊋ → 𝐿
respectively.

Exercise 2.37 (Symmetry and transitivity of equality). Give LK proofs showing that
equality is symmetric and transitive.

Intuitively, the ↑𝑅 rule states that to prove ↑𝑁𝐿 , it is enough to show 𝐿 [𝑂/𝑁] for an
arbitrarily chosen 𝑂. #e freshness condition on 𝑂 captures the idea that 𝑂 is arbitrary.
For example, in the following ‘proof’, the eigenvariable in the step marked ↗ is not fresh
and ends up establishing an absurd statement.

=𝑀 → 𝑂 = 𝑂
↑𝑀 ↗→ ↑𝑆 (𝑂 = 𝑆)

↑𝑀 → ↑𝑁↑𝑆 (𝑁 = 𝑆)

If you ”nd an inaccuracy of any kind, write to us at {a.de@bham.ac.uk, i.vandergiessen@bham.ac.uk}.
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